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Abstract Study of astrophysics of black holes and neutron stars has taken a new
turn in the present decade with the realization that sub-Keplerian flows and the
associated centrifugal barrier near the horizon or the surface of a neutron star
play a major role in deciding the nature of the emitted spectra and the formation
of outflows from the accreting matter. This region may remain steady or oscillate
depending on the accretion rate, specific angular momentum and specific energy of
the flow. Intricacies of oscillation may depend on the degree of feedback the inflow
receives from the outflow. This region may emit hard or soft X-rays depending on
relative numbers of hot elections and soft photons intercepted by this region. We
discuss how these properties come about and how they explain the observational
results of black hole candidates.
Published in Indian Journal of Physics, 1999, v. 73B, No. 6, p. 931-944
1 Introduction
Several reviews on accretion processes on black holes and neutron stars have been
written recently [1-3] where it is discussed that sub-Keplerian flows play major
role in explaining hard/soft state transition, quasi-periodic oscillation of X-Rays
and outflows from accretion around black holes. In the present review, we shall
concentrate on observational results and how they could be explained with the
latest solutions of accretion flows.
2 Generic properties of the advective accretion flows
Since the emergence of the standard Keplerian disk model [4] in seventies, purely
rotating thick accretion disk models [5] were built in the eighties, with nearly
constant specific angular momentum λ, or where the angular momentum varies
S. N. Bose National Centre For Basic Sciences
JD Block, Salt Lake, Sector-III, Calcutta-700091, India
email: chakraba@boson.bose.res.in
2 S.K. Chakrabarti
with radial distance in the form of a power-law [6]. These are the predecessors
of current advective disk models [1-3], but the current models self-consistently
include radial motions as well. Certain old models did attempt to include radial
motion in the past [e.g., 7-6], but correct global solutions were not found.
An accreting matter must have a significant radial motion, especially close to
the compact object. However, while on the horizon of a black hole, the velocity of
matter attains the velocity of light, the matter must slow down and eventually stop
on the hard surface of a neutron star. This behaviour is completely independent of
the outer boundary condition. For any generic equation of state, this means that
matter must be supersonic on the horizon and subsonic on a neutron star surface.
A supersonic flow must be sub-Keplerian, and therefore the black hole accretion
must deviate from a standard Keplerian disk [4]. Second, since infall time is very
short compared with the viscous time to transport angular momentum, the specific
angular momentum (λ) must be almost constant. This means that the centrifugal
force λ2/r3 grows rapidly compared to the gravitational force 1/r2 and slows down
the matter forcing it to be subsonic. Due to general relativistic effects (where
gravity is really stronger than 1/r2 very close to the horizon), matter recovers
from this quasi-stagnant condition, passes through another sonic point and finally
enters into the black hole supersonically.
This temporary stagnation of matter due to centrifugal force (at the so-called
centrifugal force driven boundary layer of a black hole, or CENBOL), especially
true when viscosity is low [9], at a few to a few tens of Schwarzschild radii is of
extreme importance in black hole physics. Slowed downmatter would be hotter and
would emit harder radiations. If viscosity is high, the Keplerian disk extends (from
outside) to distances very close to the black hole, perhaps as close as the marginally
stable orbit (3Rg, Rg being the Schwarzschild radius.). If viscosity is low, the inner
edge may recede outwards to a few tens to a few hundreds of Schwarzschild radii.
This is because angular momentum must be transported outward by viscosity and
smaller viscosity transports slowly taking longer path length to reach a Keplerian
disk. When the viscosity is so high that the specific angular momentum rapidly
varies with distance, the centrifugal barrier weakens and the stagnation region
disappears [10] since the sub-Keplerian region is confined roughly between 3Rg
and Rg only.
When the stagnation region forms abruptly in a fast moving sub-Keplerian
flow, a shock is said to have formed. Depending on the parameter space [11, 2-
3], this shock may or may not be standing at a given radius. It may form and
propagate to infinity [12], or may just oscillate [13-15], or may stand still [16-17].
In any case, generally shock forms and it decidedly affects the nature of the spectra
manifesting itself through propagating noise, or quasi-periodic oscillation [13-15],
or steady state spectrum [18-19], or the formation of the quiescence state [20].
For a neutron star, the entire accretion may be sub-sonic and deviation from
a Keplerian disk is not essential except in the narrow boundary layer where the
rotational motion of the accreting matter must adjust to the rotational motion
of the star. This is true when magnetic field is absent. In presence of a strong
magnetic field, matter is stopped way ahead of the stellar surface and is bent back
along the field line. If the flow deviates from a Keplerian disk, the ram pressure ρv2r
is higher and some matter can penetrate radially through the field line and directly
hit the surface when the field is weaker. If this flow does become supersonic at any
point, it must become subsonic just before hitting the surface [21].
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Formation of a shock or the stagnation region (boundary layer) is generic in
neutron star accretions. This is because the flow must stop on the surface and a
boundary layer must be produced. However, in many cases, two shocks or stag-
nation regions may form. Chakrabarti [11] showed (see also, [9]) that for a neu-
tron star, one shock is possible at a large distance (say, r >∼ 10 − 15Rg, where
Rg = 2GM/c
2 is the Schwarzschild radius, G, M and c are the gravitational con-
stant, mass of the black hole and the velocity of light respectively.) as in a black
hole and another shock is possible at around 2.3− 2.4Rg. Oscillations of the outer
shock would produce 1− 10Hz and the oscillation of the shock at the inner shock
would produce ∼KHz oscillations. However, as Chakrabarti [9, 11] pointed out, in-
ner shock would be possible only if the star is compact enough, otherwise, it would
a normal boundary layer (as in a white dwarf [22]), which could also oscillate if
the cooling time matches with the infall time [13], or, if the input parameters are
such that a steady solution is not possible as in a black hole accretion [14].
In the centrifugal barrier dominated boundary layer of black holes and neutron
stars, winds may form [2-3]. However, this phenomenon is more significant for a
black hole than for a neutron star. Neutron stars are known to have magnetic
fields and therefore most of the matter is stopped by it (unless the field is so
weak that sub-Keplerian matter with larger ram-pressure penetrates it easily and
hits the surface directly). Matter moves along the field lines to the polar region
and most of the winds come out from that region only. On the contrary, black
holes may not anchor magnetic fields. Most of the outflows can thus form at the
CENBOL itself, due to its high outward pressure gradient force, and due to the
high temperature. However, it is unlikely that purely hydrodynamic acceleration
could cause a ‘super-luminal’ jet to form [23]. Since in the low-luminosity hard
state CENBOL is hotter, the ratio Rm˙ =
M˙out
M˙in
should be higher in hard states
than in soft-states (when the CENBOL is cooler) [20].
There is another region of outflow: at the boundary between the Keplerian and
the sub-Keplerian matter. As Chakrabarti et al. [24-25] showed through extensive
numerical simulation, angular momentum distribution at this transition region is
super-Keplerian and therefore, outward centrifugal force is very strong. Thus, a
good deal of centrifugally driven outflow at this region cannot be ruled out. In
case of neutron stars, because of the same reason, outflows are possible not only in
polar caps, but at the transition radius as well. If the magnetic field is non-aligned
with the rotational axis, the Coriolis force on both sides of the disk would be
slightly different and the QPO frequencies would split. Such behaviours have been
observed in several neutron stars [26] and these essentially verify outflow solutions
from transition regions [24-25].
3 Spectral properties from compact objects: expectations vs. observations
3.1 Steady state properties
If one denotes photon flux to be of the form, Φν ∝ ν
−α+1, (where ν is the photon
frequency and α is the spectral index) then the energy spectrum would be Fν =∫
Φ(ν)dν ∝ ν−α. The power is measured by Pν =
∫
Fνdν ∝ ν
−α−1. When the
power is larger in the hard X-ray region, the black hole is said to be in a hard
state, whereas, when the power is larger in the soft X-ray region, the black hole
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is said to be in a hard state. Several black hole candidates are known to switch
between hard and soft states [27-29].
In Fig. 1 (taken from [30], see also [9], [18]), a series of global solutions of
the hydrodynamic equation with different viscosities are shown. The ratio λ/λK
(Here, λ and λK are the specific angular momenta of the disk and the Keplerian
angular momentum respectively.) is plotted as a function of the logarithmic radial
distance. The coefficients of viscosity parameter are marked on the curves (see, [30]
for other parameters). At x = xK , the ratio λ/λK = 1 and therefore xK represents
the transition region where the flow deviates from a Keplerian disk. First, note that
when other parameters (basically, specific angular momentum and the location of
the inner sonic point) remain roughly the same, xK changes inversely with viscosity
parameter αΠ [9] (Only exception is the curve marked with 0.01. This is because
it is drawn for γ = 5/3; all other curves are for γ = 4/3.). If one assumes [9, 18],
that alpha viscosity parameter decreases with vertical height, then it is clear from
the general behaviour of Fig. 1 above that xK would go up with height from the
equatorial plane. The disk will then look like a sandwich with higher viscosity
Keplerian matter flowing along the equatorial plane. Soft photons coming out of
the Keplerian component are intercepted by the sub-Keplerian region and are
up-scattered (inverse Comptonization) to produce power-law hard X-rays. When
the Keplerian disk rate is high, there are enough soft photons to cool down the
CENBOL completely and only soft X-rays are seen (except for a very weak power-
law hard X-ray component extending upto a few hundred KeV about which we
shall talk later). When the Keplerian rate is very small compared to the sub-
Keplerian rate, the CENBOL cannot be cooled down, and spectrum is dominated
by hard X-rays only. The Comptonization process which is responsible is ‘thermal’
Comptonization, since the energy received by photons are coming from the thermal
motion of the hot elections.
Independent of the outer boundary conditions (accretion rate, viscosity etc.),
since matter must rush towards the black hole with a high velocity (after cross-
ing the inner sonic point), a new phenomenon is observed as first noticed by
Chakrabarti & Titarchuk [18]. This is known as the bulk motion Comptoniza-
tion. Radiation is up-scattered as it hits radially moving electron, independent of
whether the electrons themselves are hot or cold. In the hard state, this effect of
up-scattering due to bulk motion is washed out by the up-scattering due to thermal
motion. But in the soft state, when the electrons are cooled down to a few KeVs
[18], this particular kind of up-scattering produces a power-law tail extending to a
few hundred KeV. This is the true signature of a black hole accretion. A neutron
star accretion would not have the bulk motion Comptonization and the power-law
tail is not observed either. Several black holes have now been identified using this
technique [31-32]. This method is clearly useful when one considers massive and
supermassive black holes [33].
As the viscosity changes at the outer edge, the sub-Keplerian and Keplerian
flows redistribute [12] and the inner edge of the Keplerian component also recedes
or advances. When the Keplerian component advances (high viscosity, high rate),
the soft state is achieved. When the Keplerian component recedes, the hard state
is achieved. This behaviour is seen in many black hole candidates [32, 34].
On the other hand, to change states (hard to soft and vice versa), it is sufficient
if the sub-Keplerian component alone changes [18]. Yadav et al. [35] pointed out
that the state change takes place in GRS1915+105 in matter of a few tens of
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Fig. 1 Variation of λ/λK with logarithmic radial distance for a few solutions. Viscosity pa-
rameter αΠ is marked on each curve. Note that except for the dashed curve marked 0.01
(which is for γ = 5/3, and the rest are for γ = 4/3), xK , where λ/λK = 1, generally rises with
decreasing αΠ . Thus, low viscosity flows must deviate from the Keplerian disk farther out of
the black hole [30].
seconds during quasi periodic oscillations. Since the viscous time-scale is much
longer, the inner-edge of the Keplerian flow does not have time to move in or out
within these short periods. Hence, appearance and disappearance of sub-Keplerian
flows must be responsible. The exact mechanism will be discussed in detail later.
3.2 Time dependent properties
After years of X-ray bursts, an X-ray novae can become very faint and hardly
detectable in X-rays. This is called the quiescent state. This property is built into
the advective disk models. As already demonstrated (Fig. 1) xK recedes from the
black holes as viscosity is decreased. With the decrease of viscosity, less matter
goes to the Keplerian component i.e., m˙d goes down. Since the inner edge of the
Keplerian disk does not go all the way to the last stable orbit, optical radiation
is weaker in comparison with what it would have been predicted by a standard
disk model [4]. This behaviour is seen in V404 Cyg [36] and A0620-00 [37]. The
deviated component from the Keplerian disk almost resembles a constant energy
thick ion torus of earlier days [38].
In some large region of the parameter space the solutions of the governing
equations are inherently time-dependent [1-3]. Just as a pendulum inherently os-
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cillates while searching for a static solution, the physical quantities of the advective
disks also show oscillations of the CENBOL region for some range in parameter
space. This oscillation is triggered by competitions among various time scales
(such as infall time scale, cooling time scales by different processes, including mat-
ter loss through outflows). Thus, even if black holes do not have hard surfaces,
quasi-periodic oscillations could be produced. Although any number of physical
processes such as acoustic oscillations [39], disko-seismology [40], or trapped os-
cillations [41] could produce such oscillation frequencies, modulation of 10 − 100
per cent or above cannot be achieved without bringing in the dynamical partic-
ipation of the hard X-ray emitting region, namely, the CENBOL. By expanding
back and forth (and puffing up and collapsing, alternatively) CENBOL intercepts
variable amount of soft photons and reprocesses them. A typical observation is
presented by Rao [42, see also, 43-44]. These observations can be readily explained
by combination of cooling processes in CENBOL.
Imagine that an otherwise standing shock wave is perturbed to move outward
against the direction of the inflow. The post-shock flow would be hotter than the
steady-state value, and the cooling rate would be higher. The increased cooling
would reduce the post-shock pressure which will cause collapse of the shock to-
wards the black hole. In this case, the post-shock temperature would be lower, and
the cooling will slow down. Ram pressure and thermal pressure of the incoming
flow would push the shock inward where the post shock-pressure is higher. This
causes overshooting of the shock location and the shock starts moving outwards.
This oscillation is quasi-sinusoidal in presence of a single cooling process, such as
bremsstrahlung and Comptonization [13], but could be more complex looking if a
large number of cooling processes are included. A outflow from CENBOL is also a
kind of dynamical ‘cooling’ and the presence of an outflow causes evolution of the
pattern of the oscillation such as shown in [42-44] for the galactic black hole GRS
1915+105. Details of the effects of the outflow may be in order in this context.
3.3 Effects of outflows on quasi-periodic oscillations
Chakrabarti & Bhaskaran [45] first pointed out that outflows are more easily pro-
duced from a ‘sub-Keplerian’ flow, even if they are centrifugal pressure driven. A
simple computation of the outflow from CENBOL area based on quasi-spherical
accretion yields [2-3, 46] the ratio of outflow to inflow rate to be:
M˙out
M˙in
= Rm˙ =
Θout
Θin
R
4
[f0]
3/2exp(
3
2
− f0) (1)
where, R is the compression ratio of the flow at the CENBOL and Θin and Θout
are the solid angles of the inflow and the outflow respectively. f0 = R
2/R − 1.
Location of the sonic point of the outflow is at rc = f0rs [3, 46].
Figure 2 shows the ratio Rm˙ as a function of the compression ratio R (plotted
from 1 to 7) assuming Θout ∼ Θin for simplicity. Note that if the compression (over
and above the geometric compression) does not take place (namely, if the CENBOL
does not form), then there is no outflow in this model. Indeed, for R = 1, the ratio
Rm˙ is zero! Thus the driving force of the outflow is primarily coming from the
hot, compressed region. This picture is qualitatively supported by more detailed
analysis [20].
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Fig. 2 Ratio R˙m˙ of the outflow rate and the inflow rate as a function of the compression ratio
of the gas at the dense region boundary. Solid angles subtended by the inflow and the outflow
are assumed to be comparable for simplicity. Note that the ratio peaks at intermediate com-
pression R ∼ 2.5. Burst/quiescence feature of transient sources are related to this behaviour
of the outflow rate.
One can discuss the effects of outflows [46] of a stellar black candidate such
as GRS 1915+105 which exhibits QPOs as well as periodic changes to burst and
quiescences state in a matter of tens of seconds. Particularly interesting is that it
shows QPO of around νI = 1− 10Hz and sometimes bursts at around νH = 0.01
Hz [43]. It also seems to show a QPO at νH ∼ 67Hz. It has been pointed out
before that the spectrum of CENBOL may be softer in presence of outflows [47].
This is because CENBOL would have lesser matter (for a given soft photon flux).
If the behaviour of outflow rate truly depends on compression ratio as in Fig.
2, one may be able to explain many complex properties, though details have to
be worked out. An interesting property of shock-compressed Rm˙ (Fig. 2) is that
the outflow rate is peaked at around R = 2.5, i.e., when the shock is of ‘average’
strength. On either side, the outflow rate falls off very rapidly. As Rm˙ [Eq. (1)]
is independent of shock location rs, shocks oscillating with time period similar
to the infall time in r < rs region (causing a 1-10Hz QPO in the hard state
[13, 18-19]) will continue to have outflows and gradually fill the (sonic) sphere
of radius r = rc = f0rs/2 (f0 = R
2/R − 1) (where matter is slowly moving) till
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< ρ > rcσT ∼ 1 when this region would be cooled down catastrophically by inverse
Comptonization. At this stage: (a) r < rc region would be drained to the hole
in tfall ∼ r
3/2
c 2GM/c
2 = 0.1( rs
50
)3/2( M
10M⊙
)( f0
4
) seconds. This is typically what is
observed for GRS1915+105. [35]. If on the other hand, the outflow becomes locally
supersonic (due to sudden cooling) the flow would run away outward forming a
shock in the outflow. (b) In a cooler accreting gas, the shock will disappear, and
a smaller compression ratio (R→ 1) would ‘cut off’ the outflow (Fig. 2). In other
words, during burst/quiescence QPO phase, the outflow would be blobby. (c) The
black hole will go to a soft state during a short period. If the angular momentum
is large enough, this brief period of soft state may be prolonged to a longer period
of tens of seconds depending on how the centrifugal barrier is removed by viscosity
(generated during shock oscillations). There are actually two possibilities, if the
sonic sphere is cooled down, the outflow could become locally supersonic, and the
burst state becomes momentary. If on the other hand, the flow in sonic sphere
remains subsonic even after cooling, and returns back to the black hole due to lack
of driving force, then the burst state may be long-lived when angular momentum
is high, otherwise short-lived as discussed above. It is also possible that cooler
outflow takes a longer time to be drained out, and caused prolonged burst state.
A signature of bulk motion Comptonization in the burst-state spectrum would
ensure the drainage by the black hole. Since f0 ∼ 4, the sonic sphere is typically
four times bigger and would intercept four times larger number of photons. Thus
the count rate should fluctuate roughly by a factor of f0 in between quiescence
and burst states. This is precisely what is observed [48].
There is one good test to check if the QPOs are actually from shock oscil-
lations. When CENBOL oscillates, the fractional change in hard X-ray emission
is very high compared to the fractional change in softer X-rays (since most of
the contribution to soft X-rays is from the Keplerian disk whose properties are
not modulated with QPOs). This is clearly demonstrated in this object (Fig. 5 of
[48]). Similarly, when the Keplerian accretion rate is increased, the cooling time
goes down, and one would expect the frequency to increase with soft luminosity.
In soft states QPOs are usually absent, but in burst phase if the QPO is present
it is seen in higher frequency only (Fig. 2 of [48]).
Typically, a shock located at rs (measured hereafter in units of Rg = 2GM/c
2),
produces an oscillation of frequency [13],
νI =
1
tff
∼
1
R
r
−3/2
s
c
Rg
(2)
where, R is the compression ratio of the gas at the shock which the infall velocity
goes down and thefore the infall time tff goes up. For a gas of γ = 4/3, R ∼ 7 and
for γ = 5/3, R ∼ 4 respectively when the shock is strong. Thus, for instance, for
a νI = 6Hz, rs ∼ 38 for M = 10M⊙ and γ = 4/3. For νH = 67Hz, rs ∼ 8 for the
same parameters. Chakrabarti & Titarchuk [18] pointed out that since black hole
QPOs show a large amount of photon flux variation, they can not be explained
simply by assuming some inhomogeinities, or purturbations in the flow.
Since the sonic point location is a function of the shock location, one would
expect that by time of filling the sonic sphere (and time to cool it, i.e., the duration
of the quiescence state) would be correlated with the QPO frequency. The volume
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filling time of the sonic sphere is [46],
tfill =
4pir3c < ρ >
3M˙out
(3)
The cooling starts when < ρ > rcσT
>
∼ 1, σT = 0.4 is the Thomson scattering
cross-section. Thus the duration of the quiescence state is given by,
tq =
4pir2c
3M˙outσT
. (4)
Because of uncertainties in Θin, Θout and M˙in (see, eq. 1) (subscript ‘in’ refers to
the inflow rate) we define a new parameter,
Θm˙ =
Θout
Θin
M˙in
M˙Edd
. (5)
Using these equations, we get the expression for tq as,
tq =
41.88
(R− 1)1/2
r2sR
2
gexp(f0 −
3
2
)
M˙EddΘm˙
s. (6)
(where we brought back Rg factor to get cgs unit.) Or, eliminating shock location
using eq. (2), we obtain,
tq = 56.4
exp(f0 −
3
2
)
R4/3(R− 1)1/2Θm˙
(
M
10M⊙
)−1/3ν
−4/3
I s (7)
For an average shock, 2.5 < R < 3., the result is insensitive to the compression
ratio. Using average value of R = 2.9 and for Θm˙ ∼ 0.4 (which corresponds to 0.4
Eddington rate for Θout ∼ Θin) we get,
tq = 461.5(
0.4
Θm˙
)(
M
10M⊙
)−1/3ν
−4/3
I s (8)
Thus, the duration of the off-state must go down rapidly as the QPO frequency
increases if the net accretion remains fixed. Similarly, if the hot post-shock gas of
height ∼ rs intercepts n soft photons per second, from the pre-shock Keplerian
component [18], it should intercept about f0n soft photons per second when the
sonic sphere of size rc is filled in. Thus, the photon flux in the burst phase should be
about f0 = R
2(R−1)−1 >∼ 4 times larger compared to the photon flux in quiescence
state. Depending on the degree of flaring, the interception may be much higher.
In Fig. 3 we show results of three observations of X-ray transient GRS 1915+105
(see, [48] for the observational results) where we plot νI along y-axis and tq along
x-axis. The dotted curve shows eq. (8) which passes close to June 18th, 1997 data
and Oct 7th, 1996. A short dashed curve is drawn using the same equation but
assuming a law ν−2 and for accretion parameter Θm˙ = 0.15. Several reasons, such
as slower infall velocity in presence of angular momentum and/or assumption con-
stant volume filling rate M˙out/ < ρ > would modify the eq. (8) to have an inverse
square dependence on ν. However exact derivation with these new physical inputs
would require more parameters such as angular moementum or mean density. The
result of May 26th, 1997 falls on a different inverse square curve (long dashed)
valid for Θm˙ = 0.055 indicating a change in outflow geometry and/or a change in
accretion rate.
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Fig. 3 Variation of QPO frequency νI with duration of quiescence states tq. Dotted curve is
the tq ∝ ν−4/3 law (eq. 8) derived using simple free-fall velocity assumption. Dashed curves
are tq ∝ ν−2 fits suggesting modified velocity law. The general agreement points to the shock
oscillation model
4 Future directions
Presence of a sub-Keplerian disk (hot or cold) close to a black hole has forced
people to re-analyze some of the old problems and several new findings have been
made. For instance, recently it has been noted that significant nucleosynthesis
inside this region can destabilize a disk and cause sonic point oscillations [30].
However, an old problem of in-spiraling and coalescence of two point masses have
re-surfaced. It is recognized that the presence of a sub-Keplerian disk [49] can
seriously change the nature of gravitational wave emission if the accretion rate
is high enough. Because of its importance in next generation gravitational wave
astronomy, it is worth repeating some of the arguments.
Chakrabarti [50] first pointed out that the accretion disks close to the black
hole need not be Keplerian and it would affect the gravitational wave properties.
The radiation pressure dominated disks are likely to be super-Keplerian in some
range which would transfer angular momentum to the orbiting companion and in
some extreme situations, can even stabilize its orbit from coalescing any further.
This was later verified by time-dependent numerical simulations [51]. Fig. 1 shows,
however, that in most of the regions flow likes to remain sub-Keplerian (λ/λK <
1) rather than super-Keplerian (λ/λK > 1). Assume that a companion of mass
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M2 is in an instantaneous circular Keplerian orbit around a central black hole
of mass M1. This assumption is justified, specially when the orbital radius is
larger than a few Schwarzschild radius where the energy loss per orbit is negligible
compared to the binding energy of the orbit. The rate of loss of energy dE/dt
in this binary system with orbital period P (in hours) is given by (see, [49] and
references therein),
dE
dt
= 3× 1033(
µ
M⊙
)2(
Mtot
M⊙
)4/3(
P
1hr
)−10/3ergs sec−1, (4)
where,
µ =
M1M2
M1 +M2
and
Mtot =M1 +M2.
The orbital angular momentum loss rate would be,
Rgw =
dL
dt
|gw =
1
Ω
dE
dt
, (5)
where, Ω =
√
GM1/r3 is the Keplerian angular velocity of the secondary black
hole with mean orbiting radius r. The subscript ‘gw’ signifies that the rate is due
to gravitational wave emission. In presence of an accretion disk co-planer with the
orbiting companion, matter from the disk (with local specific angular momentum
λ(r)) will be accreted onto the companion at a rate close to its Bondi accretion
rate [49],
M˙2 =
4piΛ¯ρ(GM2)
2
(v2rel + a
2)3/2
(6)
where, ρ is the density of disk matter, Λ¯ is a constant of order unity (which we
choose to be 1/2 for the rest of the paper), vrel = vdisk−vKep is the relative velocity
of matter between the disk and the orbiting companion. The rate at which angular
momentum of the companion will be changed due to Bondi accretion will be,
Rdisk =
dL
dt
|disk = M˙2(λK(r)− λ(r)). (7)
Here, λK and λ are the local Keplerian and disk angular momenta respectively.
The subscript in the left hand side signifies the effect is due to the disk. If some
region of the disk is sub-Keplerian (λ < λK), the effect of the disk would be to
reduce the angular momentum of the companion further and hasten coalescence.
If some region of the disk is super-Keplerian, the companion will gain angular
momentum due to accretion, and the coalescence is slowed down.
In order to appreciate the effect due to intervention of the disk, we consider a
special case where, M2 << M1, λ << λK and v << a (subsonic flow). In this case,
µ ∼M2 and Mtot ∼M1. The ratio Rd−g of these two rates is,
Rd−g =
Rdisk
Rgw
= 1.518× 10−7
ρ10
T10
3/2
x4M8
2 (8)
Here, x is the companion orbit radius in units of the Schwarzschild radius of the
primary,M8 is in units of 10
8M⊙, ρ10 is the density in units of 10
−10 gm cm−3 and
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T10 is the temperature of the disk in units of 10
10K. It is clear that, for instance, at
x = 10, and M8 = 10, the ratio R ∼ 0.15 suggesting the effect of the disk could be
a significant correction term to the general relativistic loss of angular momentum.
The ratio Rd−g is independent of the mass of the companion black hole, as long as
M2 << M1. If the flow is highly supersonic (v >> a) then the result is independent
of temperature of the flow.
Chakrabarti [49] shows that the effect is especially important when the net
accretion rate (Keplerian and sub-Keplerian) is high enough. (Effects shown in
[49] were computed for M˙ = 1000M˙Edd, for instance. Clearly, the net effect goes
down with accretion rate.) In a hard state, although the Keplerian rate is low,
the sub-Keplerian rate could be high and this effect is important. However, in the
soft state, the disk remains basically Keplerian except last two-three Schwarzschild
radii. Thus, the effect would be negligible except in this region. A combination of
results from electromagnetic spectrum and gravitational wave spectrum would be
more effective to put limits on the parameters such as the masses of the black holes,
individual accretion rates and separation between the black holes etc. Clearly this
is going to be an exciting task.
An effect so far ignored in this context is the formation of outflows from the
CENBOL region [2, 3, 20, 52] which may ‘mess-up’ computation even farther. It
has been shown [20, 51] that profuse outflows, to the extent causing evacuation
of the disk can be produced. In this case, the effect would clearly be negligible,
but the non-linearity of the outflow rate with inflow rate (Fig. 2) makes the effect
more difficult to incorporate.
Acknowledgments
This work is partly supported by a grant from DST for the project ‘Analytical and
numerical studies of astrophysical flows around black holes and neutron stars’.
References
1. S K Chakrabarti Physics Reports 266 No. 5 & 6 229 (1996)
2. S K Chakrabarti Ind. J. Phys. 72B 183 (1998)
3. S K Chakrabarti in Observational Evidence for Black Holes in the Universe (Ed.) S K
Chakrabarti 19 (1998)
4. N I Shakura and R A Sunyaev Astron. Astrophys. 24 337 (1973)
5. B Paczyn´ski and P Wiita Astron. Astrophys. 88 23 (1980)
6. S K Chakrabarti Astrophys. J. 288 1 (1985)
7. B Paczyn´ski and G Bisnovatyi-Kogan Acta Astron. 31 283 (1981)
8. B Muchotrzeb and B Paczyn´ski Acta Astron. 32 1 (1982)
9. S K Chakrabarti Astrophys. J. 464 664 (1996)
10. S K Chakrabarti Theory of Transonic Astrophysical Flows (World Scientific: Singapore)
(1990)
11. S K Chakrabarti and D Molteni Astrophys. J. 417 671 (1993)
12. S K Chakrabarti and D Molteni Mon. Not. Roy. Astron. Soc. 272 80 (1995)
13. D Molteni, H Sponholz, and S K Chakrabarti Astrophys. J. 457 805 (1996)
14. G Lanzafame, D Molteni and S K Chakrabarti Mon. Not. Roy. Astron. Soc. 299 799
(1998)
15. D Ryu, S K Chakrabarti, D Molteni Astrophys. J. 474 378 (1997)
16. S K Chakrabarti and D Molteni Astrophys. J. 417 671 (1993)
17. D Molteni, D Ryu and S K Chakrabarti Astrophys. J. 470 460 (1996)
18. S K Chakrabarti and L G Titarchuk Astrophys. J. 455 623 (1995)
19. S K Chakrabarti Astrophys. J. 471 237 (1997)
Accretion onto compact objects 13
20. T K Das and S K Chakrabarti Class. Quant. Grav. (1999) (in press)
21. S K Chakrabarti and S Sahu Astron. Astrophys. 323 382 (1996)
22. S H Langer, G Chanmugam and G Shaviv Astrophys. J. 258 289 (1982)
23. M C Begelman, R Blandford and M J Rees Rev. Mod. Phys. 56 No. 2 Part 1 255 (1984)
24. S K Chakrabarti, D Ryu, D Molteni, H Sponholz, G Lanzafame and G Eggum in Accretion
Phenomena and Related Outflow (Eds.) D Wickramsinghe, G V Bicknell, L Ferrario (San
Francisco: ASP) 690 (1997)
25. S K Chakrabarti et al. in Proceedings of the IAU Asia-Pacific regional meeting (Eds.) H
M Lee, S S Kim and K S Kim J. Korean Astron. Soc. 29 229 (1996)
26. L G Titarchuk, and V Osherovich, Astrophys. J. 518 95 (1999)
27. K Ebisawa, L G Titarchuk and S K Chakrabarti P.A.S.J. 48 No. 1 (1996)
28. J Ling et al. Astrophys. J. 484 375 (1997)
29. S N Zhang et al. Astrophys. J. 477 L95 (1997)
30. B Mukhopadhyay and S K Chakrabarti Astron. Astrophys. (1999) (in press)
31. L G Titarchuk et al. in Observational Evidence for Black Holes in the Universe (Ed.) S
K Chakrabarti (Holland: Kluwer Academic Publ.) 309 (1998)
32. C Shrader and L G Titarchuk Astrophys. J. 521 L121 (1999)
33. E J M Colbert and R F Mushotzky Astrophys. J. 519 89 (1999)
34. M Gilfanov, E Churazov and R A Sunyaev in Accretion Disks – New Aspects (Eds.) E
Meyer-Hofmeister & H Spruit (Heidelberg: Springer-Verlag) (1997)
35. J S Yadav, A R Rao, P C Agrawal, B Paul, S Seetha and K Kasturirangan Astrophys. J.
517 935 (1999)
36. R M Wagner et al. Astrophys. J. 401 L97 (1994)
37. J E McClintock, K Horne and R A Remillard Astrophys. J. 442 358 (1995)
38. M J Rees et al. Nature 295 17 (1982)
39. R Taam, X M Chen and J Swank Astrophys. J. 485 L83 (1997)
40. M Nowak and R V Wagoner Astrophys. J. 418 183 (1993)
41. S Kato, F Honma and R Matsumoto Publ. Astron. Soc. Jap. 40 709 (1988)
42. A R Rao (this volume)
43. B Paul, P C Agrawal, A R Rao et al. Astrophys. J. 492 L63 (1998)
44. E H Morgan, R A Remillard, J Greiner Astrophys. J. 482 993 (1997)
45. S K Chakrabarti and P Bhaskaran Mon. Not. Roy. Astron. Soc. 255 255 (1992)
46. S K Chakrabarti Astron. Astrophys. (1999) (in press)
47. S K Chakrabarti Ind. J. Phys. 72B 565 (1998)
48. S G Manickam and S K Chakrabarti (this volume)
49. S K Chakrabarti Phys. Rev. D. 53 2901 (1996)
50. S K Chakrabarti Astrophys. J. 411 610 (1993)
51. D Molteni, G Gerardi and S K Chakrabarti 436 249 (1994)
52. T K Das in Observational Evidence for Black Holes in the Universe (Ed.) S K Chakrabarti
113 (1998)
